—@=UL ‘@=wD

—mvQwB =[QOtLt

xO˝mJ ‘@=D wO R˝v u=˝=B QO ”OQm s˝y=wN C@=F =Q =y‘@=D u˝= X=wN R= —[a@ w s˝vm—t —UQQ@ =Q —@=UL ‘@=wD xr=kt u˝= QO ”OQm s˝y=wN =O˝B =yv; Q=Okt -x@U=Lt —=Q@ —L˝ QY -x]@=[ w s˝vm—t —iQat =Q syt —@=UL

xtOkt

xm s˝vm—t —Qw;O=˝ ”s˝OQm —iQat =Q ıQr˝w= —i ‘@=Dȷ Qr˝w= —@=UL ‘@=D ’CU= xO˝UQ A=J x@ p@k -xQ=tW QO xm Qr˝ w= —@=UL ‘@=D -xr=kt QO —a˝@] O=Oa= —wQ —a@=D ’x]@=[ u˝= w OvDUy pw= n x@ C@Uv xm n =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= O=OaD =@ CU= Q@=Q@ ϕ(n) =Hv; R= w OQ=O =yxOv=t hiNt x=oDUO =@ l˝ORv —]=@DQ= ‘@=D u˝= xm s˝O˝O ’u˝vJty ”Ovt=v—t Qr˝w= —@=UL ‘@=D =Q u; xm Ovm—t h˝ QaD ’(m, n) = 1 xm n w m —a˝@] OOa wO Qy —=Q@ffl xm Ovm—t smL w CU= hwQat ϕ ‘@=D —@ Q[ C˝Y=N x@ xm —D˝Y=N s˝DUv=wD -xOQ R= —Y=N Cr=L Qr˝w= —@=UL ‘@=Dȷs˝vm h˝ QaD =Q^{—@=UL ‘@=D} swyit s˝y=wN—t uwvm = ”s˝vm C@=F =Q ffiϕ(mn) = ϕ(m)ϕ(n) —=x]@=[ ’syt —@=UL ‘@=D wO —iQat =@ w OQm s˝y=wN h˝ QaD —@=UL ‘@=D l˝ —=Q@ =Q —@ Q[ C˝Y=N u˝vJty ’ıOw@ Oy=wN ‘@=wD u˝= ”Ci=˝ s˝y=wN ‘@=wD u˝= Q=Okt -x@U=Lt —=Q@

—@=UL ‘@=wD

”Ovt=v—t —@=UL ‘@=D =Q OW=@ —a˝@] O=Oa= -xawtHt u; h˝ QaD -xvt=O xm —a@=D Qy ” 1 h˝ QaD

”CU= —@=UL ‘@=D l˝ f (x) = 11+_{x2} -x]@=[ =@ f : N → R ‘@=D ” 1 p=Ft

ıϕ(n) =ȷOvrw= n x@ C@Uv xm n =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= O=OaD Q@=Q@ —a˝@] n Qy —=Q@ xm ϕ : N → R ‘@=D ” 2 p=Ft

”CU= Qr˝ w= —@=UL ‘@=D u=ty ϕxm s˝vm—t xHwD ”CU= —@=UL ‘@=D l˝ ’OwW—t h˝ QaD

-x]@=[ =@ d : N → R ‘@=D ” 3 p=Ft

d(n) = n C@Ft —=yx˝raswUkt O=OaD

”CU= —@=UL ‘@=D l˝

-x]@=[ =@ σ : N → R ‘@=D ” 4 p=Ft

σ(n) = n C@Ft —=yx˝raswUkt ‘wtHt

”CU= —@=UL ‘@=D l˝

2 -xQ=tW 16ˇˇ20 XY ı1379 O=OQNȷ

17 —mvQwB —@=UL ‘@=wD ”CU= hwQat —@=UL ‘@=D —@ Q[ C˝Y=N x@ xm s˝vm—t —iQat =Q —D˝Y=N uwvm =

xm n w m —a˝@] OOa wO Qy —=Q@ x=oQy s˝t=v—t —@ Q[ =Q f ”OW=@ —@=UL ‘@=D l˝ f : N → R s˝vm ZQi ” 2 h˝ QaD ”f (mn) = f (m)f (n) ’(m, n) = 1

”CU= —@ Q[ —a@=D ϕ =Pr w ϕ(mn) = ϕ(m)ϕ(n) ’(m, n) = 1 xm n w m —a˝@] OOa wO Qy —=Q@ xm s˝OQm C@=F ,q@k ” 5 p=Ft

”ϕ(2 × 4) ≠ ϕ(2)ϕ(4) ,qFt =Q˝ R &(m, n) = 1 xm CU= sRq =Hv˝= QO xm s˝vm—t xHwD xm n w m —a˝@] OOa wO Qy —=Q@ CQwY u˝= QO &OwW h˝ QaD n Qy —=Q@ J(n) = 1 =@ J : N → R s˝vm ZQi ” 6 p=Ft ‘k=w QO w OQ=Ov —twRr (m, n) = 1 =Hv˝= QO xm s˝vm—t xHwD ”CU= —@ Q[ —a@=D J =Pr w J(mn) = J(m)J(n) ’(m, n) = 1 ”Ovt=v—t —@ Q[ ,=˝ wk =Q ‘@=wD u˝= ”J(mn) = J(m)J(n) ’n w m —a˝@] OOa wO Qy —=Q@

’(m, n) = 1 xm n w m —a˝@] OOa wO Qy —=Q@ CQwY u˝= QO &OwW h˝ QaD I(n) = n CQwY x@ I : N → R s˝vm ZQi ” 7 p=Ft

”CU= —@ Q[ ,=˝ wk I ‘k=w QO xm s˝vm—t xHwD ”CU= —@ Q[ —a@=D I =Pr w I(mn) = I(m)I(n)

%s˝ Q˝o@ xH˝Dv =Q Q˝ R -x˝[k s˝v=wD—t ’=QkDU= x@ w 2 h˝ QaD ltm x@ uwvm =

s˝ Q=O &OW=@ —@ Q[ —@=UL ‘@=D l˝ f : N → R s˝vm ZQi ” 1 x˝[k f (p^{α1}_1 . . . p^{αk}_k ) = f (p^{α1}_1 ) . . . f (p^{αk}_k )

”—a˝@] O=Oa= α_k’. . . ’α1 w OvR˝=tDt pw= O=Oa= p_k’. . . ’p1 u; QO xm

QO =Q u; Q=Okt CU—i=m ’—@=UL ‘@=D Q=Okt -x@U=Lt —=Q@ K˝ QY —=x]@=[ uOQw; CUO x@ —=Q@ xm CU= u; R= —m =L x˝[k u˝= ’‘k=w QO ”s˝v=O@ pw= O=Oa= —=yu=wD ”CU= R=UQ=m —@=UL ‘@=wD K˝ QY -x]@=[ -x@U=Lt QO xm s˝vm—t KQ]t =Q —=x˝[k uwvm =

—@ Q[ —@=UL ‘@=D l˝ g(n) = ∑ d|n f (d) -x]@=[ =@ g : N → R ‘@=D ’OW=@ —@ Q[ —@=UL ‘@=D l˝ f : N → R Qo = ” 2 x˝[k

”ıCU= n C@Ft —=yx˝ra swUkt —wQ ‘wtHt ∑ d|n R= Qw˙vtȷCU=

CQwY u˝= QO &(m, n) = 1 xm OvW=@ —a˝@] OOa wO n w m s˝vm ZQi ”CU= K[=w CU= —@=UL —a@=D g xm u˝= ”u=yQ@ g(m)g(n) = ∑ d|m f (d) ∑ d^0|n f (d^′) = ∑ d|m ∑ d^0 |n f (d)f (d^′). xm Ovm—t ?=H˝= f uOw@ —@ Q[ =Pr w (d, d^′) = 1 xm OyO—t xH˝Dv (m, n) = 1 w d^′ | n w d | m xm s˝vm—t xHwD uwvm = s˝U˝wv@ s˝v=wD—t TB &f (dd^′) = f (d)f (d^′) g(m)g(n) = ∑ d|m ∑ d^0 |n f (dd^′). xm OwW—t xO˝O —DL=Qx@ {dd^′ : d | m, d^′ | n} = {s : s | mn} xH˝Dv QO w g(m)g(n) = ∑ s|mn f (s) = g(mn) ”CU= —@ Q[ ‘@=D g xm OyO—t u=Wv u˝= w

d —@=UL ‘@=D

=Q u; R˝v 3 p=Ft QO xm OyO—t CUOx@ =Q d : N → R ‘@=D ’x]@=[ u˝= ”OW=@ n C@Ft —=yx˝ra swUkt O=OaD Q@=Q@ d(n) s˝vm ZQi ”CU= —@ Q[ —a@=D d xm s˝vm—t C@=F ’2 -x˝[k ltm x@ ’uwvm = ”s˝OQm —iQat

”CU= —@ Q[ d : N → R ‘@=D ” 1 sr

p=L ”CU= —@ Q[ Kw[wx@ ‘@=D u˝= &s˝ Q˝o—t Q˙v QO ’OW —iQat 6 p=Ft QO xm =Q J(n) = 1 -x]@=[ =@ J : N → R ‘@=D ”u=yQ@ xm s˝vm—t xHwD d(n) = n C@Ft —=yx˝ra swUkt O=OaD = 1 + · · · + 1

—=yx˝ra swUkt O=OaD x@

n C@Ft = ∑ d|n J(d);

”CU= —@ Q[ d xm OyO—t xH˝Dv 2 -x˝[k uwvm = ”d(p^α) = α + 1 ’p pw= OOa Qy w α —a˝@] OOa Qy —=Q@ ” 2 sr ”d(p^α) = α + 1 TB &CU= α + 1 Q@=Q@ u=WO=OaD xm p^α’. . . ’p’1 R= OvDQ=@a p^α C@Ft —=yx˝ra swUkt =yvD xm CU= K[=w ”u=yQ@

s˝ Q=O ” 3 x˝[k

d(n) = 1 : n = 1 Qo =

(α_1 + 1) · · · (α_k + 1) : n = p^{α1}_1 · · · p^{αk}_k Qo = ”—a˝@] =y α_i w OvR˝=tDt pw= O=Oa= =y p_i u; QO xm

pw= pt=wa x@ n OQ=Ov=DU= -x˝ RHD n = p^{α1}_1 . . . p^{αk}_k Qo = ”n > 1 s˝ Q˝o uwvm = ”d(n) = 1 ’n = 1 —=Q@ xm CU= K[=w ”u=yQ@ s˝ Q=O 2 w 1 sr w 1 -x˝[k Q@ =v@ ’OW=@ d(n) = d(p^{α1}_1 · · ·p^{αk}_k ) = d(p^{α1}_1 ) · · ·d(p^{αk}_k ) = (α_1 + 1) · · ·(α_k + 1).

=Q˝ R &24 =@ CU= Q@=Q@ n = 360 C@Ft —=yx˝raswUkt O=OaD ” 8 p=Ft

d(360) = d(2^3 × 3^2 × 5^1) = (3 + 1)(2 + 1)(1 + 1) = 4 × 3 × 2 = 24.

œ —@=UL ‘@=D

u; R˝v 4 p=Ft QO xm OyO—t CUOx@ =Q σ : N → R ‘@=D ’x]@=[ u˝= ”OW=@ n C@Ft —=yx˝raswUkt ‘wtHt =@ Q@=Q@ σ(n) s˝vm ZQi ”CU= —@ Q[ σ xm s˝vm—t C@=F ’2 -x˝[k ltmx@ ’uwvm = ”s˝OQm —iQat =Q

”CU= —@ Q[ σ : N → R ‘@=D ” 3 sr

19 —mvQwB —@=UL ‘@=wD

p=L ”CU= —@ Q[ Kw[wx@ ‘@=D u˝= &s˝ Q˝o—t Q˙v QO ’OW —iQat 7 p=Ft QO xm =Q I(n) = n -x]@=[ =@ I : N → R ‘@=D ”u=yQ@ xm s˝vm—t xHwD σ(n) = n C@Ft —=yx˝ra swUkt ‘wtHt = ∑ d|n d = ∑ d|n I(d); ”CU= —@ Q[ σ xm OyO—t xH˝Dv 2 -x˝[k uwvm = .σ(p^α) =^{pα+1 −1}_{p−1} ’p pw= OOa Qy w α —a˝@] OOa Qy —=Q@ ” 4 sr TB &p^α’. . . ’p’1 R= OvDQ=@a p^α C@Ft —=yx˝ra swUkt =yvD xm CU= K[=w ”u=yQ@

σ(p^α) = 1 + p + · · · + p^α = p^α+^1 − 1 p − 1 .

s˝ Q=O ” 4 x˝[k

σ(n) = 1 : n = 1 Qo =

p^{α1 +1}

1 −1 p_1 −1 · · · p^{αk+1} k −1 p_k−1 : n = p α_1

1 · · ·p^{αk}_k Qo =

”—a˝@] =y α_i w OvR˝=tDt pw= O=Oa= =y p_i u; QO xm

pw= pt=wa x@ n OQ=Ov=DU= -x˝ RHD n = p^{α1}_1 . . . p^{αk}_k Qo = ”n > 1 s˝ Q˝o uwvm = ”σ(n) = 1 ’n = 1 —=Q@ xm CU= K[=w ”u=yQ@ s˝ Q=O 4 w 3 sr w 1 -x˝[k Q@=v@ x=ov; OW=@

σ(n) = σ(p^{α1}_1 · · · p^{αk}_k )

= σ(p^{α1}_1 ) · · ·σ(p^{αk}_k )

=^p

α_1 +1

1 −1 p_1 −1 · · · p^{αk+1} k −1 p_k−1 .

=Q˝ R &1170 =@ CU= Q@=Q@ n = 360 C@Ft —=yx˝raswUkt ‘wtHt ” 9 p=Ft

σ(360) = σ(2^3 × 3^2 × 5^1) =

2^4 − 1 2 − 1 × 3^3 − 1 3 − 1 × 5^2 − 1 5 − 1

= 15 × 13 × 6 = 1170.

”s˝vm—t KQ]t q=@ s˝y=it =@ “=@DQ= QO xr-=Ut OvJ uwvm =

”u˝ QtD ”O˝vm C@=F xr=kt u˝= R= 2 w 1 -x˝[k ltm x@ =Q smL u˝= ” ∑ d|n ϕ(d) = n xm s˝OQm C@=F Qr˝ w= —@=UL ‘@=D -xr=kt 3 -x˝[k QO ı1

”O˝vm x@U=Lt =Q ∑ s|n σ(s) w ∑ s|n d(s) ı2

”OW=@ pw= n Qo = “ki w Qo = d(n) = 2 xm O˝yO u=Wv ı3 ”OW=@ pt=m ‘@ Qt n Qo = “ki w Qo = CU= OQi d(n) xm O˝yO u=Wv ı4 OOa u˝ QDlJwm ”d(n) = m xm CU= OwHwt n Ovv=t K˝LY OOa —y=vDt=v ’m ≥ 2 K˝LY OOa Qy —=R= x@ xm O˝yO u=Wv ı5 #CU= s=Om OW=@ C˝Y=N u˝= —=Q=O xm n K˝LY ”ın C@Ft —=yx˝raswUkt -x˝rm —wQ ?Q[pY=L —va˝ ∏ d|n ȷ ∏ d|n d = n^{d(n)2} O˝yO u=Wv ı6

” ∑ d|n 1 d = σ(n) n xm O˝vm C@=F ı7 ”d(n) ≤ 2 √ n O˝yO u=Wv ı8 ”n ≤ σ(n) ≤ n^2 ’n Qy —=Q@ xm O˝yO u=Wv ı9 Q@=Q@ ın OwN R= Q˝e n C@Ft —=yx˝raswUkt —va˝ȷ OwN -xQU —=yx˝raswUkt ‘wtHt =@ xm CU= n Ovv=t —a˝@] —OOa ’s=D OOa ı10 ”CU= s=D —OOa 2^{a−1}(2^a − 1) x=ov; OW=@ pw= —OOa 2^a − 1 Qo = O˝vm C@=F ”OW=@ ”CU= pw= —OOa 2^a − 1 u; QO xm CU= 2^{a−1}(2^a − 1) CQwY x@ n O˝vm C@=F ”OW=@ s=D w GwR —OOa n O˝vm ZQi ı11 ” ∑ d|n 1 d = 2 x=ov; OW=@ s=D —OOa n Qo = O˝vm C@=F ı12

‘H=Qt pw= A=J ’u=QyD ’—y=oWv=O QWv RmQt ”—v=HvQ=v OtLt xv˝O; -xtHQD ’O=Oa=_-x˝ Q˙v =@ —˝=vW; ’u˝DWOrwo p¨wH —Qr w Rt=O; ”w s=˝r˝w `1´ ”1362 ”1363 ’u=QyD ’Q˝@mQ˝t= C=Q=WDv= -xUU-wt ”=˝vQ˝t p=tmQ˝t w RwQiy@ u˝ULtqe -xtHQD ’O=Oa=_-x˝ Q˙v ’—wmlt ”I= ”p˝v `2´